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Abstract 



m 

\^ ' We study the Euler characteristic of the Milnor fibre of a hypersurface 

•^r , singularity. This invariant is given in terms of the Euler characteristic of a 

fibre in between the original singularity and its Milnor fibre and in terms of 
the Euler characteristics associated to strata of the in-between fibre. 
C^ , From this we can deduce a result of Massey and Siersma regarding singu- 

larities with a one-dimensional critical locus. The result is also applied to the 
study of equisingularity. The famous Briangon-Speder- Teissier result states 
that a family of isolated hypersurface singularities is equisingular if and only 
if its /x*-sequence is constant. We show that if a similar sequence for a family 
of corank 1 complex analytic mappings from n-space to n -I- 1-space is con- 
stant, then the image of the family of mappings is equisingular. For families 
of corank 1 maps from 3-space to 4-space we show that the converse is true 
also. 

AMS MSC2000 classification: 14B07, 32S55, 32S15, 32S30. 
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"^ : 1 Introduction 



is^ The Euler characteristic is the most basic and, possibly, most powerful invariant in 

'V^ ■ topology. It is well known to be crude but extremely effective. A powerful invariant 

C^ ' in the study of complex analytic hypersurface singularities is the Milnor fibre. In 

this paper the main results on equisingularity follow from careful study of the Euler 
characteristic of a certain Milnor fibre. 

For an isolated singularity Milnor showed that the Milnor fibre is homotopically 
equivalent to a bouquet of spheres and hence the number of these spheres is called 
the Milnor number. This number has been incredibly successful in the study of 
singularities as it can be defined by topological and algebraic means. In the case 
of non-isolated singularities not many general theorems are known since the Milnor 
fibre may not be a bouquet of spheres and a good link between the algebra and 
topology has yet to be found. See [5T] for the state of the art. Interestingly, two of 
the earliest general results were published in the same conference proceedings. One 
is the Kato-Matsumoto result that relates the vanishing of homotopy groups of the 
Milnor fibre to the dimension of the singular set of the singularity, [15 . The other, 
by Sakamoto, expresses the homotopy type of the Milnor fibre of the direct sum 



or direct product of two singularities in terms of Milnor fibres of the constituent 
singularities, [28] , 

Even more surprisingly, a number of the results that are known for particular 
examples of singularities, see [71[5ni[ll] and references therein, are for the homotopy 
type of the Milnor fibre rather than for its Euler characteristic. One would assume 
it is easier to prove results for the latter as it is simpler. 

In this paper we apply some general theorems on the Euler characteristic of the 
Milnor fibre of a non-isolated hypersurface singularity. Our method is to perturb 
the singularity to produce a fibre that is in some sense in between the original 
singularity and the Milnor fibre. Using the topology of this fibre and the topology 
of its stratification we shall be able to calculate the Euler characteristic of the Milnor 
fibre. The proof involves making small changes to results in the existing literature 
on vanishing cycles. 

Taking an in-between fibre is entirely natural. For example, the singularities 
of the in-between fibre may be a smoothing of the singularities of the original. 
This can be seen in the Generalized Zariski examples in Section [31 It was the main 
method used by Siersma and his students, see the references in [Jll^SlUT], where the 
singular set of the hypersurface is assumed to be an isolated complete intersection 
singularity. The in-between fibre's singular set is the Milnor fibre of this ICIS. 

Another example of an in-between fibre is of great importance in the study of 
equisingularity. Here the hypersurface singularity is the image of a map / with an 
isolated instability. We can perturb / so that the image of the perturbation has 
only stable singularities. This image is called the disentanglement of / and plays 
the part of the in-between fibre. In general, the disentanglement has non-isolated 
singularities (as does /) and is homotopically equivalent to a wedge of spheres. 

An obvious and interesting question is what is the relationship between the 
topology of the disentanglement of / and the Milnor fibre of the image of /. Cer- 
tainly, David Mond and the author discussed this as long ago as 1993. An answer 
was not pressing as there seemed to be no obvious problems that could be solved 
with it. However, recent research, see [TU] and pjj, indicates that the precise re- 
lationship is extremely useful in the study of equisingularity. By providing such a 
relationship we prove Theorem 17.91 on equisingularity of mappings. 

The paper is arranged as follows. Section [5] defines the notation and basic 
concepts and contains the central result from which all the others follow. A gener- 
alization of the Milnor fibration is introduced. In it, there is a special fibre (which 
is the in-between fibre in applications) and a general fibre (which is homeomorphic 
to the Milnor fibre in applications) . Theorem 12.81 relates the difference of the Eu- 
ler characteristics of the general fibre and special fibre to the Euler characteristics 
of strata in the special fibre and the Euler characteristics of the Milnor fibres of 
singularities transverse to these strata. 

In the next section we see how a generalization of a result of Massey and Siersma 
from [22, on hypersurfaces with a 1-dimensional critical locus can be deduced from 
the main theorem. We also see how the theorem can be used to study the topology 
of composed singularities. 

Section[4]contains the main result of interest that relates the Euler characteristic 
of the disentanglement of a complex analytic map-germ / : (C", 0) — > (C^, 0), with 
n > p — 1 and an isolated instability, to the Milnor fibre of the function that 
defines the discriminant of the map in terms of a stratification of the discriminant 
and its transverse Milnor fibres. Theorem 14.41 shows how to calculate the Euler 
characteristic of the closure of a stratum in the image of the disentanglement using 
the Milnor numbers of the multiple point spaces of /. 

In the next section we apply this to the special case where n — 3, p ~ A and the 
map has corank 1. Here we can describe precisely the topology of closure of strata 
using the Milnor numbers of the multiple point spaces of /. The transverse Milnor 



fibres have Euler characteristic except in the case of one stratum. In the foUowing 
section we see a very particular example of a map / : (C", 0) — * (C", 0) such that, 
outside of the origin, the singularities of the discriminant are at worst cuspidal. 

In Section [7] the results are applied to equisingularity. That is we unfold a 
map with an isolated instability and attempt to stratify this unfolding so that the 
parameter axis in the image is a stratum. The main result here is that using Da- 
mon's higher multiplicities we can achieve a Briancgon-Speder- Teissier type result 
in that constancy of a /i*-sequence implies that the axis is a stratum in a Whitney 
stratification. 

The final section finishes with conclusions and some thoughts on future work. 
In particular, the converse of the above theorem relies on the value of the Euler 
characteristic of the Milnor fibre of the image of a corank 1 map. Finding this 
value is an open problem and would be a good test of the mathematical machinery 
developed for non-isolated singularities so far. 

The author began this paper while he was a visitor at Universite des Sciences 
et Technologies de Lille, France. He is grateful to Mihai Tibar and Arnaud Bodin 
for their generous hospitality and USTL for funding. 

2 Quasi-Milnor fibrations 

We shall now define a generalization of the Milnor fibration. Suppose that h : U ^ C 
is a complex analytic map from the open set U C C" such that n > 1 and G C/. (In 
applications h~^(0) within a small ball will define a fibre in between a singularity 
and its Milnor fibre.) 

Let SS' be a Whitney stratification of h~^{0) in U so that each stratum is 
connected. For any subset Z of C/ we define Z to be the closure of Z in U. 

Let i3e(0) denote the open ball of radius e centred at and let S<.{0) denote the 
boundary of its closure, the sphere of radius e centred at 0. Let D,, be the open 
disc in C centred at with radius r]. 

Definition 2.1 We say that h is a quasi-Milnor fibration if there exists e > and 
r] > so that 

(i). 5,(0) C U, 

(ii). 5,(0) c U, 

(Hi). 5,(0) is transverse to all strata ofh^^{0), 



(iv). h\B^(0) n h ^(-Djj) -^ D.,j is a proper map, 

(v). h\B^{0) n h~^(Drf) -^ Drj and /i|5,(0) ("1 h~^{Dn) -> Dr, have only a finite 
number of critical values in D,,, and the set of those arising from 5,(0) is 
contained in the set of those of B^, 



(vi). the induced Whitney stratification of B^{0) Hh ^(0) has only a finite number 
of strata. 

Definition 2.2 The general fibre ofh, denoted GF, is the set h~^{t) ni?e(0) where 
t e D^ is not a critical value of h\B^(0) D h~^{Dn). 

The special fibre of h, denoted SF, is the set h^^{{)) n i?e(0). 

The main result of this section allows a comparison of the Euler characteristic of 
the special and general fibres. 

Note that is not necessary that £ SF which is the case for a Milnor fibration. 
Furthermore, note that by Sard's theorem and Thom's First Isotopy Lemma we can 



deduce that the general fibre is a manifold which is well-defined up to homcomor- 
phism. 

If in addition to the above conditions we assume that we have transversality of 
S^>{0) for all < e' < e (and so G SF), then we get that GF is the Milnor fibre 
of h and SF is the Milnor cone (i.e., is homeomorphic to the cone over the real link 
of the singularity at the origin). In our applications we shall not have this extra 
condition. The idea is that GF, the general fibre, is homeomorphic to the Milnor 
fibre of a function, / say, h is some perturbation of / with nice properties and SF is 
some set, again with nice properties. In some sense, SF lies in between the Milnor 
cone and the Milnor fibre of / - a non-singular set - in terms of the complexity of 
its singularities. 

If Z is a subset of i?e(0), then define CI (Z) to be the closure of Z in i3e(0). We 
define Int (Z) to be the interior of Z in BJ^O) and define dZ to be C1(Z)\ CI (Z). 
Thus dZ is the boundary of Z that lies in the sphere S'e(O). If Z is closed in B^{0), 
then Z = ZUdZ. 

Definition 2.3 We shall say that a Whitney stratified space Z <Z U is collared in 
-Be(O) if the inclusion Z n B^{Q) into Z n ^£(0) is a homotopy equivalence. 

The condition that S'e(O) is transverse to h~^{0) means that the general fibre is 
in fact collared in B^{0). 



Examples 2.4 The sets SF, GF and closure of strata of SS in -Be(O) are all col- 
lared. 

Thus, in particular, as is well-known, the Milnor fibre and Milnor cone of any 
complete intersection singularity are collared. 

For convenience we say that Z is collared if dZ = 0. For example Z could be a 
point. 

For a quasi-Milnor fibration let SS be the stratification oi B^{0)nh^^{0) induced 
from SS'. 

Let X be a stratum in SS and let x be any point of X. For a manifold T 
transverse to X with T D X a single point let TMFx.x be the open Milnor fibre of 
h\Tr\Bf{0) at X G X. Since the topological type of a neighbourhood of a stratum is 
independent of the point in the stratum and by a result of Le ([16j) the homotopy 
type of this set is independent of the x chosen in X. 

Definition 2.5 The transverse Milnor fibre oi X , denoted TMFx, is the homotopy 
class of TMFx.x ■ 

Note that the transverse Milnor fibre and its closure are homotopically equivalent 
as the closure in U is collared in the sense above. 

Let x(Z) denote the Euler characteristic of the set Z, xi^) its reduced Euler 
characteristic and Xc{Z) denote the Euler characteristic with compact support of 
Z. Note that Xc{Z) coincides with xi^) when Z is compact. Note also that Xc 
is additive in locally compact spaces and so will be additive in our examples. By 
additive we mean that ii Z = Zi L) Z2 where Z2 is closed in Z and Zi Ci Z2 =0, 
then Xc {Z) = Xc (Zi) + Xc (^2)- See, for example, 14J pl85. 

The next lemma is probably well-known but I cannot locate a suitable reference. 

Lemma 2.6 Suppose that Z is the closure in i?e(0) of a stratum in SS. Then 

xc{z)^x{z). 



Proof. We have 

x{Z) = X (Z) as Z is collared, 

— Xc \Z) &s Z is compact, 

= Xc (Z) + Xc (dZ) as Xc is additive, 

— Xc (Z) + X {dZ) as dZ is compact, 
= Xc{Z). 

The last equality follows from Sullivan's well-known result in ^30j that the Euler 
characteristic of a stratified space with only odd-dimensional strata is zero. D 

Lemma 2.7 Let h be a quasi- Milnor fibration. For all X G SS we have 

X (CI {X), CI {X) \X) - X (X, Uy<xY) 

where as usual CI (X) denotes closure in the open ball B^(0). 

Proof. First we note that CI (X) \X is just Uy<xY which is the same set as 
Uy<xY. Both sets are collared so x (CI (X)) = x(X) and x{C\{X)\X) = 
x{^Y<xY). D 

We now come to the main theorem in this section. 

Theorem 2.8 For a quasi-Milnor fibration the Euler characteristic of the general 
fibre and special fibre are related by the following: 

x(GF)-x(SF)= J2 x(TMFx)x(Cl(X),Cl(X)\X). 
xess 

Proof. We can use the theory of vanishing cycles. A good reference for this is [3]- 
See also Appendix B of [21J. 

Let (fihCg |.ps be the sheaf of vanishing cycles of h on B^{0). This is well-known 
to be constructible (see Appendix B of [H]). 

We can now use a compact support version of Proposition 6.2.1 of 3J. The 
result there is stated for a proper map, which our h\B^{0) certainly is not, but the 
conclusion still holds if we drop the proper assumption and use Euler characteristic 
with compact support. That is, we have 



Xc(GF)-Xc(SF) = Xc SF,^,. 



Now using the compact support version of Lemma 6.2.7 of 3] and the paragraph 
preceding it we have 



(SF,^,C^^(0))= Y. Xc(^)x(MF,,,, 



x^ss 



where MF/i.^:^ is the Milnor fibre of h at the point xx G X. Since SF is a product 
along X and using the result of Le in [16], we have that MF/i_j,^ is homotopically 
equivalent to TMFx so x (MF,,,^^) = x (TMFx). 

Since GF and SF are collared we have by Lemma [THl that 



Xc(GF)-Xc(SF) = x(GF)-x(SF). 
This just leaves to show that Xc{X) = X (CI (AT), CI {X) \X). We have 
Xc{G\(X)) = Xc{X\^{C\[X)\X)) 

= Xc m + Xc (CI (X) \X) , by additivity of Xc 
X(C1(X)) = Xc(^) + x(Cl(X)\X), byLemma[ 
x{C\{X))-xiC\{X)\X) = Xc{X) 
X{C\{X),C\{X)\X) = Xc{X). 



n 

Remark 2.9 For a reduced defining equation h, if we consider the top- dimensional 
strata in SS , then TMF^ is homotopically equivalent to a point. Hence, x (TMFjsf ) = 
and we can ignore the top- dimensional strata in the above formula. 

3 Deducing the Massey— Siersma result and com- 
posing singularities 



Theorem 12.81 can be seen as a generalization of one of the main theorems in [22] . 
After showing this, we shall apply the theorem to investigate composed singularities 
as they do in [22] ■ 

For a function / let S/ denote its critical set, i.e., the points where it is not a 
submersion. We denote by V{f) the zero-set of /. 

Let {zo,zi, . . . ,Zn) be coordinates for C"+^. Suppose that /o : C"+"'^ ^ C is 
a reduced complex analytic map such that /o(0) = 0, E/o is 1-dimensional and 
'S{fo\V{zo)) is 0-dimensional. 

Now assume that fs : C"+^ ^ C is a family of analytic maps that deforms /q. 
Let f{zo, 21, ... , z„, s) ^ fs{zo, zi, . . . , z„). 

Definition 3.1 The family fs is an equi-transversal deformation of fo if for all 
components v of E/q through the origin in C"^^ there exists a unique component 

o o o 

v' ofYif containing v and moreover Miy=Miy'. Here fJ-^ denotes the Milnor number 
of the transverse Milnor fibre along the component v. A similar definition is made 
for v' . 

If f s is an equi-transversal deformation of /o, then there exists e > and a > 
so that, defining h{x) = fa{x) we produce a quasi-Milnor fibration with the general 
fibre of h homeomorphic to the Milnor fibre of /o and the special fibre equal to 
/~^(0) n B^. This is effectively proved in Lemmas 2.1 and 2.2 of [22], but see also 

m- 

Massey and Siersma state and prove the following theorem. Readers unfamiliar 
with the concept of a point with generic polar curve should consult |22] or just 
consider that there is a zero-dimensional stratum at that point. 

Tiieorem 3.2 ([22] Theorem 2.3) 

p q k \ gesj 

where F denotes the Milnor fibre /o at the origin, F^ denotes the Milnor fibre of 
fa — fa{x) at the point x, the p's are summed over all p G B^ D T,fa which are 
not contained in V{fa), the q's are summed over those q in B^C\ Tifa which are 
contained in V{fa) and at which fa has generic polar curve, the {S^ : A; = 1, 2, . . . } 

o 

are the irreducible components of Y,V{fa,) in B^ and Mfe is the generic transverse 
Milnor number ofE^, the kth component o/I](/a). 

Proof. By Lemmas 2.1 and 2.2 of ^2] we have a quasi-Milnor fibration. The 
general fibre GF is connected and has non-trivial Bctti numbers 6„ and bn-i by 
the Kato-Matsumoto Theorem in [15]. By Theorem 2.3 of [29], SF is connected 
and is homotopically equivalent to a wedge of spheres. (Note that in his statement 
Siersma has an erroneous extra d.) Hence, we have 

X(GF) - x(SF) = x(GF) - x(SF) = (-1)" (6„(F) - K^,{F) - m(^p)) ■ 



We can use the statement of our main theorem, Theorem [ 

x(GF)-x(SF)= Y. x(TMFx)x(Cl(X),Cl(X)\X). 
xess 

We can re-express the left-hand side of this equation using the previous equation. To 
re-express the right-hand side we need to stratify the special fibre. We can stratify 
by taking as 0-dimensional strata all the points that have generic polar curve. The 
1-dimensional strata are the (connected) components oi 'S^\{qi, . . . , Qs} . The n- 
dimensional stratum comes from the complement of the union of S^ in SF, since 
the map is reduced, we see that the contribution from the n-dimensional stratum 
to the right-hand side is zero. 
We then have 



J2 x(TMFx)x(Cl(X),Cl(X)\X) 
xess 

= Y.X (TMF,) x{{q}, 0) + E ^ (TMFs.\{,,}) x {^t ^,e^l {<?}) 

q k 

= E ^(^9) + E ^ (TMFs.\te}) (X (Sa) - X (u,eE^ {<?})) 

q k 

= E xiFq) + E(-i)"+^"' ^fc \x i^'a) - E 1 

q k \ qe^k 

= E(-ir (b{Fq) ~in-i{F,)) +E(-i)"(-i) i^'^ IxiK) E 1 

q k \ qesk 

From this and the expression for the left-hand side we get the theorem. D 

We know turn our attention to composed singularities. These occur when we 
take the composition of two known singularities to produce a third. In particular, 
suppose that / : (C",0) -^ (C^,0), n > 2, is complex analytic map germ defining 
an isolated complete intersection singularity and that g : (C^, 0) -^ (C, 0) defines an 
isolated curve singularity. The composition F : (C", 0) — > (C, 0) given hy F = g o f 
is a non-isolated hypersurface singularity since the singular locus is /~^(0). 

These are known as generalized Zariski examples and have been studied in many 
papers. For us particular references are [27! p61, ,1] p92 and [22 p770. 

Denoting the components of / by (/i,/2), the deformation Fa{x) — g{fi{x) — 
0-1, f 2 {x) — 02) is equi-transversal for generic a — (01,02). As in the previous 
theorem, we can set h{x) = Fa{x) and restrict to a small ball for such a generic 
a. The critical locus of Fa is f^^{a) plus a collection of isolated singularities. The 
special fibre of /i is a wedge of spheres, the number of which is equal to the sum 
of the Milnor numbers of the isolated singularities, see Theorem 2.3 of ^9], denote 
this number by /i(SF). The singular set of Fa is f^^{a) and the transversal Milnor 
fibre of this manifold is the Milnor fibre of g. Hence the stratification of the special 
fibre is SS = {Fa^{0)\f-^{a), f-^{a)}. The generic fibre of h is the Milnor fibre 
of i^, denoted MF^. 

Theorem 3.3 (See [22]) In this situation we have 

X{MFf) = X {Fa\0)) - fi{g)x (MF/) . 

Nemethi gives a similar formula in ( 27j . 



Proof. From Theorem 12.81 we have 

x(GF)-x(SF) - J2 (x(TMFx)-l)x(Cl(X),Cl(X)\X) 
xess 

x(MFf) = x(SF) + (l-M(5)-l)x(r'(a),0) 
= x{F-\0))~fi{g)x{MFf). 



In [T] Corollary 10.4 Damon shows that 

X(MFj.) = /iK,/) + (-l)V(ff)x(MF/) 

where fii{f) is the image Milnor number for /, defined in the next section. 
With this result and Theorem 13.31 we find that 



n 



X {F-\0)) - ^iIif) + ((-f )" + 1) /i(g)x (MF/) + 1 
and in particular if n is odd, then 

xiF-\0))=^^Iif). 

4 Disentanglements and multiple point spaces 

Much of this section can be developed for multi-germs but for clarity we shall only 
develop the theory for mono-germs. 

Let / : (C",0) -^ (C^,0) be a map-germ with an isolated instability at the 
origin. That is, for a representative of /, which we also denote by /, the multi-germ 
/ : (C", E/ n /-^(y)) -^ (CP, y) is stable for all y^O. Here E/ is the critical set of 
/, i.e., the points where the differential of / has less than maximal rank. 

Definition 4.1 There exists a topological stabilization of f , that is a map f :U ^ 
C^ where U is an open neighbourhood of the origin in C" and f is topologically 
stable at every point. The discriminant of f is called the disentanglement of / and 
is denoted Dis(/). 

If / is corank 1 or in the nice dimensions, then the stabilization is smooth. The 
precise details for the construction of the disentanglement can be found in JH] • 

Consider the case of p < n + 1 . Here the disentanglement is a hypersurface and 
for n > 1 it has non-isolated singularities. It is shown in [5] and [231 that it is 
homotopically equivalent to a wedge of spheres of dimension p—1. Note that in the 
case p = n + I, the discriminant is just the image of /. 

An obvious task is to compare the topology of the disentanglement of / and the 
Milnor fibre of the hypersurface given by the discriminant of /. Theorem 12 .81 allows 
us to do this when we view the disentanglement as a special fibre and the Milnor 
fibre of the discriminant as the general fibre. That we can find h from Section [5] in 
the case p = n + 1 is effectively described in 24 , but see also 29^ . The statement 
for the n > p case is similar. 

Theorem 12.81 requires that we know the Euler characteristic of the transverse 
Milnor fibre. In our applications a stratum in the special fibre will arise from the 
discriminant of a stable map. When the stable map has more than one branch, then 
this Euler characteristic is zero as we see in the next lemma. 



First we shall say what we mean by stratification by stable type. Let G : 
(C", {xi, . . . , Xs}) — > (C, 0) be a stable multi-germ. There exist open sets f/ C C" 
and W ^ CP such that G~^{W) = U and G : C/ — > VF is a representative of 
G. We can partition the discriminant of G by stable type. That is, yi and 2/2 
in CP have the same stable type if d : (C", Gj"^(2/i) n EGi) -^ (CP,yi) and 
G2 : (C",G^"^(y2) n SG2) -^ (€^,2/2) are ^-equivalent. These sets are complex 
analytic manifolds. 

If G is corank 1 or in the nice dimensions, then this partition is the canonical 
Whitney stratification. See Section 6 of f5] or Section 2.5 of [4J. 

Lemma 4.2 Let G : (C", {xi, . . . ,Xs}) — > (C^jO) be a stable multi-germ with n > 
p — I. If we can Whitney stratify the discriminant by stable type, then for any 
stratum X , we have x(TMFx) — 0. 

Proof. By Mather's classic result [23] each branch is stable and the analytic man- 
ifolds for these branches intersect transversely. Without loss of generality we can 
assume that the stratum is zero-dimensional. 

If gi is a function defining the discriminant in C^ for the branch i, then the 
discriminant of G is defined by gi[zi)g2(z2) ■ ■ ■ gs{zs) where Zi is a set of coordinates 
in C^ such that the sets Zi and Zj share no common coordinates for i ^ j. 

Theorem 2 of [3S] states that the Milnor fibre of a product of two functions is 
homotopically equivalent to the total space of a fibre bundle over the circle. Hence, 
the Euler characteristic of the Milnor fibre of a product is zero. Induction on the 
number of branches produces the result we require. D 

Noting that a stratum will either arise from (the trivial unfolding of) a mono-germ 
or a multi-germ, from the lemma we can deduce the following. 

Theorem 4.3 Suppose that f : (C",0) — > (C,0), n > p, has an isolated instability 
and f is corank 1 or is in the nice dimensions. Let MFg denote the Milnor fibre of 
the function g that defines the image of f. Then we have 

X(MF<,) - x(Dis(/)) = Y. x{TMFx)x{C\{X),C\{X)\X) 

X arises from 
a mono-germ 

J2 x{Cl{X),C\{X)\X). 

X arises from 
a non-mono-germ 

Proof. By a straightforward generalization of Proposition 4.4 of [5] to the case of 
p = n + 1 and Theorem 2.3 of [2^ (see also Section 4 of [1]) we can see that we have 
a quasi-Milnor fibration where the special fibre is the disentanglement of / and the 
general fibre is the Milnor fibre of the function defining the image of /. 

The result the follows from Theorem 12.81 and Lemma 14.21 D 



Another important result wc shall need concerns the multiple point spaces of 
the disentanglement map in the case of corank 1 maps with p — n -\- 1. For this 
we shall require the main result of 191- That is, the multiple point spaces of 
the map / can be defined using Vandermonde determinants and these are isolated 
complete intersection singularities. The corresponding multiple point spaces for the 
disentanglement map are then the Milnor fibres of these singularities. 

The fcth multiple point space of/, denoted D^{f), is defined using Vandermonde 
determinants as in [TlQij. For maps with isolated instabilities these are, in general, 
isolated complete intersection singularities and so have a Milnor number. For stable 



maps, the multiple point spaces are non-singular, and hence the multiple point 
spaces for the disentanglement map are the Milnor fibres of the multiple point 
spaces of /. 

Furthermore, D^{f) C C"+'^'+^ and the group of permutations on k objects, 
denoted Sk, acts on C"+'^+-^ by permutation of k of the coordinates. With this 
we can define certain important subspaces as in Section 3 of [19j which we now 
describe. 

Let V = (fci, . . . , fci, fc2, . . . , A:2, . . . , fc^, . . . , k^) be a partition of k with 1 < A;i < 
k2 < ■ ■ ■ < kr and ki appearing a^ times (so ^ a^fci — k). For every a G Sk there is 
a partition P^, that is, in its cycle decomposition there are ai cycles of length ki. 
For any partition we can associate any one of a number of elements of Sk ■ 

For a map / we define D''{f, Va) to be the restriction of D^{f) to the fixed point 
set of a. This is well-defined for a partition, i.e., if Va = Va', then D''{f,Vcr) is 
equivalent as an Sfe-invariant isolated complete intersection singularity to D^ (/, Va' ) ■ 

As D'^{f, V) is an isolated complete intersection singularity it has a Milnor fibre. 
We denote this by n (D'=(/,P)), where we take n {D^{f,V)) = if D^{f,V) = 0. 

If we can Whitney stratify the special fibre by stable type, then x (CI (X), CI {X) \X) 
can be calculated using the /i [D''{f, V)) as we can see in the following theorem and 
corollary. 

Theorem 4.4 Suppose that f : (C",0) -^ (C"+^,0) is a corank 1 map with an 
isolated instability at 0. Then, the disentanglement of f can be Whitney stratified 
by stable type and for any stratum X we have 

X(X)=X (CI [X)) = Y. Cfc.^A* (^'(/' ^)) 

where Ck,-p is a (possibly zero) rational number. 

Proof. We stratify the disentanglement by stable type. Let Jf be a stratum. Since 
the disentanglement map is a corank 1 stable map X will correspond to the top 
stratum in some D^{f , V) which by the Marar-Mond description is the Milnor fibre 
of the isolated complete intersection singularity D^{f , V). 

If X is zero dimensional, then the Milnor number of D^{f, V) plus 1 and divided 
by a suitable factor depending on V will calculate x {^^ — x(^)- 

For higher dimensional strata we use the double induction technique of Theo- 
rem 2.8 of |6j, and also used in Section 4.3 of ^ and Section 2 of [8^. That is, the 
closure of the stratum is the image of the restriction of the disentanglement map to 
some set S say. The multiple point spaces of /|5 are the same as those of / except 
those that are the image of some map. This map has the same properties of / that 
allow a double induction. The Eulcr characteristic of the alternating homology of 
the spaces can be calculated using the material in Section 2.2 of [13]. (See also [l2].) 
D 

Corollary 4.5 Suppose that f : (C",0) -^ (C^+^,0) is a corank 1 map with an 
isolated instability. Then, the disentanglement can be Whitney stratified by stable 
type and for any stratum X we have 

X {X, \Jy<xY) = X (CI (X), CI {X) \X) = Y, h,vf^ {D\f, V)) 

k,V 

where bk.v is a (possibly zero) rational number. 

Proof. The theorem above shows that x {^) — X^fe v "^fe.'PM {D'^Ui "P)) ■ We need 
to show that Uy<xY has the same property. But Uy<xY = ^\=iYi for some r and 
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some Yi where Yi ^ Yj for all i,j with i ^ j- Hence, we must show that 

x(uLi>^)=5]4,pm(^'(/,7')) (1) 

for some constants dk -p- To do this we use double induction on r and the dimension 

For zero-dimensional Yi it is easy to show that the statement is true for all r as Yi 
corresponds to some zero-dimensional multiple point space of the disentanglement 
map. 

Thus suppose that ^ hold for all Ul^^Yi of dimension less than d and for all r. 
Now consider a union where U^^iYi has dimension d. 

The statement ([T]) holds when r = 1 by the theorem. Thus suppose that the 
statement is true for r and consider the case of r + 1. Using the standard inclusion- 
exclusion formula, x{^ D B) — x(^) + x{B) — x(^ H B), we have 

= X (uLi>^) + X (^WT) " X (uLi {Yi n i^)) 
= x{^UYi)+x{YrT'i)-x{^Uzi), 

for some q and q strata Zi, 1 < i < q. Note that Zi is not just Yi n Yr+i as 
this intersection may be empty. However, since the disentanglement has corank 1 
singularities and has a finite number of strata, then there exists a finite number of 
Zi and each has dimension less than d. 

Therefore, on the right-hand side of the last equation the first term can be 
written as a sum of Milnor numbers by the inductive hypothesis on r, the second 
has the same representation by the theorem, and the third terms has the same 
property by the inductive hypothesis on the dimension of the union. 

Hence, by induction, statement H]) holds for all r and all dimensions. D 

5 Maps from 3-space to 4-space 

To exemplify CoroUarv 14.51 we could use the results from the first half of [TU] which 
dealt with maps of the form / : (C^, 0) -^ (C^, 0). Instead we shall go to the next 
case, that of / : (C'^, 0) -^ (C^, 0), as we shall need it when we generalize the results 
from the second half of [TU] . 

First, we note that each singular point of the disentanglement is the image of a 
stable map. The precise list of possible singularities is the following. 

• Ai: The point in the disentanglement is non-singular. 

• Ai^i: A transverse crossing of two 3-planes, i.e., an ordinary double point. 

• Ai.i^i: A transverse crossing of three 3-planes, i.e., an ordinary triple point. 

• ^1,1, 1,1^ A transverse crossing of four 3-planes, i.e., an ordinary quadruple 
point. 

• A2: The trivial unfolding of a Whitney cross-cap. 

• Ai,2'- The transverse intersection of a 3-plane and ^2- 
We have the following adjacencies: 
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1,1,1 



We shall let Sx denote the set of points in the disentanglement associated to the 
singularity type Ax- We have dim(5'i) = 3, dim5i_i = 2, dim5i.i,i — dim 5*2 = 1 
and dimS'i^i^i^i = dimS'1^2 = 0. These sets are manifolds and form the canonical 
Whitney stratification of the disentanglement, see Section 6 of [5]. 

Except for A2 the maps corresponding to these singular sets are multi-germs and 
hence their transverse Milnor fibre will have Euler characteristic equal to zero by 
Lemma 14.21 For A2 the transverse Milnor fibre is the Milnor fibre of the function 
defining the image of the Whitney cross-cap. This has homotopy type of the 2- 
sphere (see ^20] page 4) and hence the transverse Milnor fibre for S2 has Euler 
characteristic equal to 2. 

For any stratum S we can calculate the Euler characteristic of the pair {S, S\S) 
using the material on fc-disentanglements from [8J. The kth disentanglement of f 
is the closure of the set of points in the image of /, the disentanglement map, that 
have k or more preimages. We denote this by Disfc(/). It is shown in [9] says 
that if / : (C^jO) — > (C""'"^,0) is corank 1 and finitely ^-determined, then the fcth 
disentanglement is empty or is a bouquet of spheres of dimension n ~ k + I. The 
number of spheres in the bouquet is denoted by ///^ . We shall write ^/^ (/) simply 

as M/(/)- 

We can relate the fcth disentanglement to the sets Sx and their closures. Further- 
more, Theorem 2.8 in [8J shows how to calculate fij^ for a map / : (C'^, 0) -^ (C^, 0) 
with an isolated instability in terms of the Milnor numbers of the multiple point 
spaces (which are isolated complete intersection singularities). Since Disfe(/) is a 
bouquet of spheres of a certain dimension, then we can calculate its Euler charac- 
teristic. 

An important point to note is that in Theorem 2.8 of [S] certain terms in the 
formulae depend on the kth multiple point being non-empty. For example, in (ii) 
of Theorem 2.8 of [S] the —1/3 term is included only if D^ is non-empty. Similarly 
in (iii) . To keep track of this notion we shall make the following definition: 



Pkif)-^ , .. ^fc 



0, if /?'=(/) = 0, 

1, ifi?^-(/)^0- 



Proposition 5.1 For a map f : (C'^,0) -^ (C'*,0), and denoting by Q the number 
of quadruple points appearing in the disentanglement f , we have 

x(S^ = /33-Q(M(i?')-3/i(i?'|i/i) + 2/?3)+3Q 

X(S^JJJ} = x{D^)^Q: 

X(S^2) = x{D''\Hl)^^l{D^\Hl)+p,. 

Proof. Obviously Dis(/) = Disi(/) = Si. The number /i/ = jij-^ counts the 
number of spheres in the homotopy type of this space and so from Theorem 2.8 of 
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[E], we have 

X (51) = 1 - Q(a*(0') + KD'\H)) + liKD') + 3A*(D^|iJi) + 2p^)+Q 

Note that Q = x (^1,1,1,1) = f^ (DHf)) + (3^- 

The set Dis2(/) is homotopically equivalent to a bouquet of fij^ spheres and 
coincides, as a set, with Si^i. From the proof of Theorem 2.8 of [5] we find 



X {Si,i) = P2 +^WD') - KD'\H)) + -i^i{D') - p,) + 3Q. 



Similarly Dis3 = Si,i^i and so again from Theorem 2.8 of [5], we find 

X (S^ = '^3 - (^ (m(^') - MD^\Hi) + 2/33) + 3Q 

A point in the curve S2 corresponds to a Whitney cross-cap point. These cor- 
respond to points of D^\H . The correspondence is in fact a bijection. Hence, as S2 
is homotopically equivalent to a wedge of circles, we see that 

The spaces 6*1.1^1.1 and 6*1^2 are zero-dimensional and so 



X(5i,i4,i)=x(^')-Q 

and 

X (5^1) - X {D^\Hi) = fi {D^\Hi) + /?3 . 

D 

We can now use the adjacency diagram for the singularities to calculate x {Sx, Sx\Sx) 
for every stratum Sx- 

Proposition 5.2 We have 

x('5'i,i>'S'i,i\'5'i,i) = x(5'ia) -x('S'i,i,i) -x(^ +x('S'i,2), 
x('S'i,i,i,'S'i,ia\'5'i,ia) = x{Si,i,i) - x{Si,i,i,i) - x{Si,2) , 

X(5'2,S'2\S'2) = X (S'2) - X ('S'1.2) • 

Proof. For 5*1.1 we have 

x(5'i,i,S'i,i\S'i,i) = x('S'i,i:'5'i,ia US'2) 

= x('S'i,i) -~x{Si,i,i US'2) 

= X ('S'1,1) - X (S'la.i) " X ('S'2) + X ('S'1,1,1 l~l ^ 

= X {Si,i) - X (S'1,1,1) - X {S2) + X (Sia) ■ 

Therefore, we can calculate the Euler characteristic of this pair using the Milnor 
numbers of the multiple point spaces. 
For the stratum 6*1,1.1 we see that 

X ('S'1,1,1, Si, i,i\S'i, 1,1) = X (Si, 1,1, Si, 1,1,1 U 5*1,2) 

= x(Si,i,i) -x(Si,i,i,i US*i,2) 

= x(Si,i,i) -x(Si,i,i,i) -x(Si,2)- 
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So, again we can calculate the Euler characteristic in terms of Milnor numbers of 
multiple point spaces. 
For 52 we have 

x{S2, 82X82) = X ('S'2,'5'1,2) 

= x(S2) -x{Sl.2)■ 



Combining these two preceding propositions with Corollary 14. 31 we produce the 
following. 

Theorem 5.3 Suppose that f : (C'^,0) -^ (C^jO) is a corank 1 germ with an iso- 
lated instability at 0. Let MFg denote the Milnor fibre of the Junction g defining the 
image of f . Then, 

x(MF,)-x(Dis(/)) ^p2-(\ it^iD') + MD'\H)) + J {KD') + 6^^{D'\H^) + 5(3,)+ 3q) 



Proof. From Corollarv l4.3l we know that the left-hand side of the equation is equal 
to 

J2 (x(TMF;f)-l)x(Cl(X),Cl(X)\X). 

X£SS 

where SS is the stratification by stable type. Since x(TMF5) is zero for all strata 
S except for S2, when it is 2, we have that the left hand side is equal to 

2x (S^,S;\S2) - E ^ (S^,S^\Sx) ■ 

SxeSS and 8x^82 

Using the descriptions for x {Sx, Sx\Sx) in Proposition 15. 21 we deduce the result. 

D 

Since Proposition 15.11 allows us to express x(Dis(/)), which is equal to x(5'i), 
as a sum of Milnor numbers of multiple point spaces we deduce the following. 

Corollary 5.4 Suppose that f : (C'^,0) -^ (C^,0) is a corank 1 germ with an 
isolated instability at 0. Then, 

XiMFg) = 1 + /32 - U{D^) + MD^\H)) + \ {ti{D^) + 5fi{D'\Hi)) +213, +4Q 

Remarks 5.5 (i). An interesting consequence of the equation is that fi{D^) and 
fi(D'^\Hi) must have the same parity. 

(ii). In llifi the Milnor numbers of the multiple point spaces were calculated for 
some families and for all simple corank 1 germs from <C? to C^. We can use 
these to calculate the Euler characteristic of the Milnor fibre for the image of 
the map. This is given in Table{^ 



6 An example in the equidimensional case 

We shall now look at a very simple example of a family of maps from C" to C" 
which Terry Gaffney suggested to me as a useful source of examples. 
Suppose now that / : (C", 0) — > (C", 0) is a map of the form 

f{xi,..., Xn-i , y) = (xi , . . . , x„_i , y^ + ip{xi,..., Xn-i)y) 
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Table 1: Euler characteristic of Milnor fibres 



Singularity 


Name 


/i/ 


-X(MF) 


{x,y,z',z{z' ±x' ±y''+')),k>l 


Au 


k 


3k -2 


{x,y,z^,z{z^ + x^y±y''-^)),k>4 


Dk 


k 


3fc-2 


{x,y,z',ziz' + x^±y^)) 


Ee 


6 


16 


{x,y,z^,z{z^ + x^ + xy^)) 


Er 


7 


19 


(X,2;,z2,z(z2 + .x3 + y5)) 


Es 


8 


22 


{x,y,z^,zix^±y^±z^'')),k>2 


Bk 


k 


2fc-l 


{x,y,z^,zix^+yz^±y'')),k>3 


Ck 


k 


3fc-3 


{x,y,z^,z{x^ + y^±z^)) 


Fi 


4 


8 


{x,y,yz + z'^,xz + z'^) 


Pi 


1 


3 


{x,y,yz + z^,xz + z^) 


P2 


2 


7 


{x, y, yz + z^± z3*^+2, xz + z^), k>2 


Pi 


k + 2 


3fc + 8 


(z, y, yz + z'^ + z^,xz + z^) 


pi 


5 


18 


{x,y,yz + z'^,xz + z^) 


Pi 


5 


18 


{x,y,yz + z''+^,xz + z^), k ^ ij 


Pk 


i(fc + l)(fc + 2) 


i(fc2 + 5fc) 


(x, y, xz + yz'-^, z''' ± y'^z) 


Qk,k>2 


k 


3k 


(x, y, xz + z3, yz2 + z" + z2'=-i), A: > 3 


Rk 


k + 1 


2fc + 6 


(x,2/,a;z + 2;2z2±z^^■+^z3±y'=z), j > 1, fc > 2 


Sj,k 


k + j + l 


3{k + j) + 5 


(x, y, yz + xz-^ ± z^ + az'^, xz + z* + fez'') 


I 


6 


19 


(x, y, yz + xz^ + az^ + z'^ + fez^ + cz^ , xz + z'') 


II 


9 


30 


(x, y, yz + z^ + z^ + az''', xz + z^) 


III 


6 


19 


(x, y, yz + z^ + az"^, xz + z"^ ^ z^) 


IV 


6 


19 


(x, y, xz + z^ + ay^z^ + y^'z^, z"^ ± y^z) 


V 


6 


22 


(x, y, xz + z^^yz^ + z'"^ + z^ + az'^) 


VI 


6 


19 


(x, y, xz + z^, y^z + xz^ + az'' ± z^) 


VII 


6 


19 


(x, y, xz + z'^ + az^ + fez'^, yz^ + z^ + z^) 


VIII 


8 


24 
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where <~p : (C"^^,0) -^ (C,0) defines an isolated hypersurface singularity at 0. This 
latter condition implies that / has an isolated instability at the origin. 

Let (Xi, . . . ,Xji_i,y) denote coordinates on the codomain of /. It is easy to 
show that discriminant of / (i.e., the image of the critical set) is given as the zero-set 
of the map H : (C", 0) ^ (C, 0) defined by 

i/(Xi, . . . , x„_i, y) = 4 ((^(Xi, . . . , x„_i, y))3 + 27y2. 

By Theorem 1 of [28] the Milnor fibre of H, denoted MFj:/, is homotopically equiv- 
alent to the suspension of the Milnor fibre of Lp^ . Hence, as x (Susp(j4)) = 2 — xi-^-, 
we have 

x(MFff) = 2-x(MF^3) 
= 2-3x(MF^) 

= 2-3(1 + (-ir-VM) 

= -l + 3(-ir-VM. 



We shall now verify the formula in CoroUarv 14.31 with this. 
We can unfold / with F : (C"+\ 0) -^ (C"+\ 0) given by 

F(s,xi, . . . ,x„_i,2/) = (s,a;i, . . . ,x„_i,2/^ -f {^{xx, . . . ,a;„_i) + s)y) 

and we can define js '■ Se(0) — » C" by 

]s{x) = (xi, . . . ,a;„_i,2/^ -I- ((/3(xi, . . . ,x„_i) + s) y) . 

The critical set E/^. is given by Zy^ + ^{x\, . . . ,a;„_i)-|-s and so, for small s ^ 0, 
S/s is the Milnor fibre of E/q. Therefore, by Theorem 1 of [28] it is homotopically 
equivalent to the suspension of the Milnor fibre of ip. Also, /^ is stable - its only 
singularities are cusps - so the disentanglement of / is Dis(/) = /s (S/s). Since the 
map /sjS/s is injective the disentanglement is therefore homotopically equivalent 
to a bouquet of [i.(}p) spheres of real dimension n — 1. 

In the quasi-Milnor fibration given by the disentanglement map we see that the 
disentanglement has two strata - the non-singular set and a cuspidal edge. This 
cuspidal edge, denoted C is given as the zero-set of the map (Xi, . . . , X„_i, y) i— > 
{(p(X\^ . . . ,X„_i),y). Thus, it is homotopically equivalent to the Milnor fibre of 
(/?. Along the singular set, denoted C, the transverse Milnor fibre is the Milnor fibre 
of a cusp (i.e., the curve x^ = y^), hence /x(TMFc) = 2. 

In this quasi-Milnor fibration, the special fibre is the disentanglement of / so 
x(Dis(/)) = l + (— l)"^^//((p) and the general fibre is the Milnor fibre of the function 
defining the discriminant of /, i.e., the Milnor fibre of H. 

From CoroUarv 14. 31 we have 



x(MFff)=x(GF) = x(SF) + (x(TMFc)-l)x(C,0) 
= x(Dis(/))-)-(l-2-l)x(C) 

= i + (-i)"-V(^)-2(i + (-i)"-V(^)) 

= -l + 3(-ir-V(</'). 

Hence, the two calculations of the Euler characteristic of the Milnor fibre of the 
function defining the discriminant of / coincide. 

7 Applications to equisingularity 

In this section we come to the main application of the Eulcr characteristic result. 
For this wc need some preliminaries on equisingularity of mappings. The idea is that 
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we unfold a map / : (C", 0) -^ (C, 0) by a one-parameter unfolding and attempt to 
Whitney stratify this unfolding so that the parameter axis in the source and target 
are strata. Most of the following can be done for multi-germs but we shall restrict 
to mono-germs for ease of exposition. 

Throughout this section we shall assume that / : (C",0) -^ (C"+^;0) is corank 
1 map with an isolated instability at the origin in (C"+^, 0). 

Let F : U ^ W he a one-parameter unfolding of /. That is, [/ C C" x C and 
l^CC"+^x Care open sets and F(2;,t) = (F{x,t),t) so that F{x,t)\ {U D {U' x {0})) 
is a representative of /. 

We say that F is origin-preserving if F{Q, t) = for all t G C Wc shall assume 
throughout that F is origin-preserving. 

Let Ut ^ U n{C"x {t}) and Wt be defined similarly. Define // : Ut ^ Wt 
by fl{x) = F{x,t) = {F{x,t),t) and let ft : (C",0) -^ (C"+i,0) be the germ at 
defined by /'. 

Note that F~^{0,t) = (//)"^(0) contains G C" as F is origin-preserving but it 
may in fact contain other points. This will be crucial in part (ii) of Definition 17.31 

Definition 7.1 Let S ^ U n ({0} x C) and T ^ W n ({0} x C) be the parameter 
axes in source and target respectively. 

The aim is to stratify F so that the parameter axes are strata, or more accurately, 
some neighbourhood of in these axes are strata. 

Definition 7.2 We say that F is Whitney equisingular if there is a stratification 
of F so that F is a Thorn Ap map and S and T are Whitney strata. 

We say that the image of F is Whitney equisingular if the image of F can he 
given a Whitney stratification such that T is a stratum. 

Gaffney identified that one of the significant problems with stratifying the un- 
folding is that one-dimensional strata other than S and T may appear and these 
should be avoided. He proposed in [S] two definitions to identify unfoldings without 
these special strata: 

Definition 7.3 Suppose that f : (C", 0) — *■ (C""'""'^, 0) is corank 1 and has an isolated 
instability at the origin in (C"^"'^,0). Suppose that F is an origin-preserving one- 
parameter unfolding with a representative F : U —^ W which is proper and finite- 
to-one, and F-i(O) n [/ = {0}. 

We call F a good unfolding if all the following hold. 

(i). F~^{W) = U. 

(ii). F{U\S) = W\T. 

(Hi). The locus of instability, the set of points in W such that F\Ut is not-stable, 
is equal to T . 

We call F an excellent unfolding if, in addition to the above, the following holds. 

(iv). The -stables are constant in the family. That is, there does not exist a curve 
of points in W such that F\Ut has a stable type with a zero-dimensional stra- 
tum. 

Now we need to look for invariants of ft, the elements of the family, that will 
produce equisingularity. ft is well-known that if {X, x) is a complete intersection 
complex analytic set, then the complex link of x is a wedge of spheres of real 
dimension dime X — I. 

Let g : (C^+^,0) -^ (C,0) be a complex analytic function. If W is a plane of 
dimension i through the origin in (C^+^, 0), then in general V{g)nH'' is a complete 
intersection. 
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Deflnition 7.4 (Cf. [T]) The kth higher muhiphcity is the number 

/■(5)-dimci/fc-i(/:^C) 
where L^ is the complex link ofV{g) n iJ'"'+^ at and 1 < fc < N. 

For sufficiently general H'' this is a well-defined invariant of V{g). 

Now consider the family ft : (C", 0) -^ (C"+^, 0). The image of ft is a hypersur- 
face and so we can define gt : (C"+^, 0) -^ (C, 0) to be the reduced defining equation 
for this hypersurface. 

We now state Corollary 6.13 from [TT] which is in some sense a generalization 
of the classical Briangon-Speder- Teissier result on the equisingularity of families of 
isolated hypersurface singularities. 

Proposition 7.5 Suppose that f : (C",0) — *■ (C"+^,0) is a corank 1 mono-germ 
with an isolated instability at and that F is an excellent one-parameter unfolding 
of f that is stratified by stable type outside of S and T. 

Then, the image of F is Whitney equisingular along the parameter axis T if and 
only if the sequence ip^^{gt), ■ ■ ■ , M"(3i): x(^^{9t))') is constant in the family. 

This statement is not very aesthetically pleasing. It would be improved if we 
could replace the mix of invariants - the higher multiplicities and the Euler char- 
acteristic - by a more consistently defined sequence. In the rest of this section we 
shall make this improvement for the 'if part of the statement, and in the n = 3, 
p = 4 case do so completely. Furthermore, in both situations, we shall do this for 
good unfoldings rather than the stronger notion of excellent. 

First we shall describe our consistently defined set of invariants. Let / : (C", 0) -^ 
(C""*"^, 0) be a corank 1 map-germ with an isolated instability and let Dis(/) be the 
disentanglement of /. For an open and dense set Z in the space of i-planes through 
the origin in C"+^, the set Dis(/) n iJ is homotopically equivalent to a wedge of 
{i — l)-spheres for H ^ Z and the number of spheres is independent of H and the 
choice of disentanglement map. See Corollary 4.2 and Lemma 7.8 of |lj. 

This leads to the following definition. 

Definition 7.6 The fcth image Milnor number of /, denoted fJ,'j{f), is equal to 
6fe_i(Dis(/) n H''), where H'' is a generic k-plane through the origin in C"+^. 
The /ij-sequcnce for the map / is the set i^j{f) for k = 0, . . . ,n -{- 1. 

Note that fJ-"^^if) ~ fJ-iif), i-e., it is the usual image Milnor number from [Si]. 

Remark 7.7 Unfortunately, definitions from my previous papers have rather igno- 
miniously collided with each other. The definition given in Ulf for the kth image 
Milnor number is that given above and is also denoted fJ.'Kf). 

However, in JEjj a totally different object was given the name the kth image 
Milnor number. This object is the number of spheres in the homotopy type of the 
kth disentanglement which we used in Section\^ on maps from i-space to A-space. 
Fortunately, here and in f^ it was denoted jjli^, , which is sufficiently different to jJj . 

It is important to note that these concepts are different and therefore, in general, 
l^iAf) + 1^1 if) except for fii.if) = ti'i+\f) = y^i(f). 

To remedy this collision of notation I shall in future papers use the definition in 
Definition 17.6] 

We need the next lemma to force the constancy, in the family, of the Milnor 
numbers of the multiple point spaces. 

Lemma 7.8 Suppose that f : (C",0) -^ (C"+^,0) is corank 1 map-germ with an 
isolated instability and F is an excellent unfolding. Then fJ-i{ft) is constant if and 
only if fi iD''{ft,'P)) is constant for all D^{ft,V) that are non-empty. 
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Proof. The number of points in F^^{0, t) is constant by condition (ii) of excellent 
unfolding. The result then follows from Corollary 4.7 of 12J (where F^^{0,t) is 
denoted s(/t)). □ 

Our main equisingularity result is the following. 

Theorem 7.9 Suppose that f : (C",0) -^ (C"+^,0) is a corank 1 mono-germ with 
an isolated instability at and that F is a good one-parameter unfolding of f that 
is stratified by stable type outside of S and T . 

If the sequence (fJ,}{ft), ■ ■ ■ , M/'*' (ft)) ** constant in the family, then the image 
of F is Whitney equisingular along the parameter axis T. 

Proof. As F is good the number of points in F~^{0,t) is constant by condition 
(ii) of good unfolding. Hence, condition (iv) of excellent unfolding holds from 
Corollary 5.8 of [T^] and so F is excellent. 

Since F is excellent the strata outside T are two-dimensional. (Since we are 
only interested in strata close to T we can assume that U is chosen small enough 
to exclude any zero-dimensional strata.) We can Whitney stratify /( by taking the 
intersection of strata of F with C" x {t}, see [5] section 6, in particular Proposi- 
tion 6.4. See also Section 6 of [IX,. (The origins in Ut and Wt will automatically be 
Whitney strata.) 

Since the stratification of F (outside S and T) is by stable type the stratification 
of the image of ft is by stable type and this is the canonical stratification. The 
strata in the disentanglement of ft correspond to these strata with the addition of 
zero-dimensional strata. Let X be a stratum of F and Xt be the intersection with 
C" X {t}. The transverse Milnor fibre for a non-zero-dimensional stratum Xt is 
determined by the stratum X in the stratification of F and hence for each stratum 
we can consider the transverse Milnor fibre constant along T. 

By Lemma [7.81 the constancy of Hiift) implies that all the Milnor numbers of 
the multiple point spaces and their restriction to reflecting hyperplanes are constant. 
Corollary 14. 51 thus shows that x (CI [Xt), CI {Xt) \Xt) is constant in the family. For 
0-dimensional strata Xt we have x (^1 {Xt), 0) constant as these strata correspond 
to some zero-dimensional multiple point space. 

Now, X (Dis(/t)) is constant along T as it equals l-|-(— l)"'/x"+^(/t) and therefore, 
by Theorem 14.31 the Euler characteristic of the Milnor fibre of gt is constant. As 
gt is reduced with a singular set of codimension 2 in the ambient space the Milnor 
fibre is connected by [H] and so the reduced Euler characteristic of the Milnor fibre 
of gt is constant in the family. 

Turning to the other terms in the sequence in Proposition 17.51 we have that, 
by a generalization of Section 4 of [T], iJ,^{gt) = tJ'}{ft) for all i < n. Hence by 
assumption fJ.^{gt) is constant for all 1 < i < n. 

Thus, by Proposition 17.51 the image of F is Whitney equisingular along T. D 

We can now generalize part of Theorem 5.2 of [W\ (see also Conjecture 5.6 
there) and produce a converse to our Theorem 17.91 in the case of maps from (C'^,0) 
to (C4,0). 

Theorem 7.10 Suppose that f : (C^,0) — > (C^,0) is a corank 1 mono-germ with 
an isolated instability at and that F is a good one-parameter unfolding of f that 
is stratified by stable type outside of S and T. 

The sequence (^fi\{f), fij{f), fi^{f), ^'^{f)) is constant in the family if and only 
if the image of F is Whitney equisingular along the parameter axis T. 

Proof. The 'only if part follows from Theorem 17.91 For the converse suppose that 
the image of F is Whitney equisingular along T. 
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Since T is a Whitney stratum there cannot exist a curve arising from zero- 
dimensional singularities in the image of ft causing another 1-dimensional stratum 
to meet at the origin. Therefore, as F is good, it must also be excellent. 

Next, (/x-^(gt), . . . ,/x„(5t),x(MF((7t))) is constant by Proposition 17.51 and as 
stated in the previous theorem ^'(gt) = M/(/t) ^'^^ all 1 < i < n. 

CoroUarv 15.41 shows that we can calculate x(MF((7t)) in terms of /32, (3^, fi{D^), 
Ijl{D'^\H), fi{D^), tiiD^\Hi) and Q for each ft. 

The fact that D''{ft) ^ for t 7^ imphes that D''{fo) / is shown in the proof 
of Theorem 4.3 of [12j . This fact in turn implies that Pf. is upper semi-continuous. 

Suppose that P2 increases at i = 0. Then D^{fo) — 0, i.e., /o is not singular 
and has no ordinary double points. This means that /o is non-singular. But if /o 
is non-singular, then so is any nearby deformation, i.e., Z3^(/() — for all t. This 
contradicts an increase in /Jj. Hence P2 i^ constant. 

As the Milnor number of an isolated complete intersection is upper semi-continuous 
( [17] pl26) we deduce that all the other terms in the right-hand side of Corollarv l5.4l 
are constant in the family. From Lemma [7751 we can deduce that /ij^^(/t) — fJ-iift) 
is constant. D 

Remark 7.11 Similar reasoning gives a proof of the same statement for the C^ to 
C^ case, a multi-germ version of which is given in \10^ . 

8 Concluding remarks 



We have seen that Theorem 12.81 generalizes work of Massey and Siersma, answers a 
long-standing question involving the relationship between the disentanglement and 
the Milnor fibre of the image of a map-germ from (C", 0) to (C""'""'^, 0), and solves a 
significant problem in equisingularity. 

A number of avenues remain to be explored: 

One reason we could not, in general, reverse the implication in Theorem 17.91 to 
get that ii*j constant implies Whitney equisingularity of the image is because we do 
not know the Euler characteristic of the Milnor fibre of the image of a stable corank 
1 mono-germ from (C",0) to (C""'""'^,0). This is because this number is a crucial 
ingredient in Theorem 14.31 which is used in the proof of Corollary [SH] for the C'^ to 



For a minimal corank 1 stable map from C" to C"+^ it should be noted that 
as n gets larger the number of monomials in the defining function for the image 
becomes explosively larger. It may be worth observing that using the techniques in 
[25j we can write the function as the determinant of a matrix. Also we may be able 
to use Massey's work on Le numbers. It may be possible to just calculate one Le 
number and use induction. This is because for the image of / we can restrict to a 
generic hyperplane through the origin. This allows us to calculate one Le number 
that relates the Euler characteristic of the Milnor fibre of the image to the Euler 
characteristic of the Milnor fibre of the restriction of the image to the hyperplane. 
This latter can be calculated since the image is the image of an ^g-codimension one 
map. Its disentanglement is homotopically equivalent to a single sphere. The Euler 
characteristic of each stratum is easy to compute using the multiple point spaces 
and by the inductive hypothesis we know the Euler characteristic of transverse 
Milnor fibres arising from mono-germs. We would also need to know the precise 
relationship in Theorem 14.51 but this appears to be just a combinatorial issue. 

Another point not mentioned is that we would like the map F to be equisingular 
along S and T rather than just the image of F equisingular along T . Gaffney has sent 
the author a personal communication outlining how for corank 1 maps from (C", 0) 
to (C"+-^ , 0) the equisingularity of the image of F along T automatically implies 
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the equisingularity of F along S and T. However, this has yet to be pubHshed and 
hence Theoreni l7.9l has not included this result in the statement. A simple proof of 
his result would be welcomed. 
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